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Abstract 

By calculating various disk level S-matrix elements and studying in details their 
momentum expansions, we have extracted some of the couplings in tachyon DBI 
action and Wess-Zumino terms of the non-BPS branes, and their higher deriva- 
tive corrections. In particular, we have found that there is exact consistency 
between field theory and string theory tachyon pole of S-matrix element of one 
RR and three tachyons provided that one takes into account the fact that the 
tachyon vertex operator in picture to be along the Pauli matrix cti whereas 
the tachyon in -1 picture to be along the (T2 direction. This internal CP factors 
should be included in the tachyon DBI part of the effective action. 



1 Introduction 



Study of unstable objects in string theory might shed new hght in understanding properties 
of string theory in time-dependent backgrounds [H El El HI El [6] . The source of instabihty 
is appearance of some tachyon modes in the spectrum of these objects. It then makes sense 
to study them in a field theory which includes the massless and tachyon fields. In this 
regard, it has been shown by A. Sen that an effective action of Born-Infeld type proposed 
in [71 El El [ID] can capture many properties of the decay of non-BPS Dp-branes in string 
theory [21 Ej- 

The non-BPS Dp-branes of type IIA(B) string theory are defined by projecting Dp- 
brane-anti-Dp-brane of type IIB(A) with (—1)-^^ where Fl denotes the contribution to the 
space-time fermion number from the left-moving sector of the string world-sheet [TT] . The 
open strings of the brane-anti-brane can be labeled by the external 2x2 Chan-Paton factors: 




The massless states carry CP factor (a), (b), and the tachyons carry (c) and (d) factors. 
The projection operator (—1)-^^ has no effect on the world-sheet fields, however, using the 
fact that it exchanges brane with anti-brane, one observes that its effect on the CP matrix 
A is the following: 

A ^ aik{ai)-\ 

where ai is the Pauli matrix. The states with CP factors / and ai are survived. The 
massless fields then carry the internal CP factor / and the real tachyon of non-BPS D- 
brane carries the CP factor (Ji. The vertex operators corresponding to the above states 
appear in S-matrix elements in different pictures. We assign the above internal CP factors 
to the vertex operators in the picture. Using the observation made in [12] that the picture 
changing operator on a non-BPS brane naturally comes with as, one observes that in -1 
picture, the internal CP factor of massless states is and the CP factor of tachyon is a2- 
Another interesting object in string theory is SDp-brane. In field theory, as the kink 
solution of the non-BPS D-brane effective action gives BPS D-brane, the kink solution in 
the time direction gives S-brane. In string theory, it is defined as an object on which open 
strings with Dirichlet boundary condition on the first 9 — p directions X°, a = 0, 1, ■ ■ ■ , 8 —p 
and Neumann boundary condition on the last p + 1 coordinates X*, i = 9 — p, ■ ■ ■ ,9 end 
[T]. The SDp-branes in Type II theory carry the RR charges, and the non-BPS SDp-branes 
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of type IIA(B) string theory are defined by projecting SDp-brane-anti-SDp-brane of type 
IIB(A) with (-1)^^ 

The effective action of a non-BPS brane/brane-anti-brane has two parts, the part which 
is an extension of DBI action and the Wess-Zumino part, i.e., 

Snon-BPS = SdBI + SwZ 

The WZ term describing the couphng of RR field to the gauge field of brane-anti-brane is 
given by [TTJ [18] 

S = f^p [ C A Tr (e^2WF(l) _ ^^2.a'Fi^n ^ 

where ^{p+i) is the world volume and fip is the RR charge of the branes. In above equation, 
C is a formal sum of the RR potentials C = J2m=p+i{~'^)^^ Cm- Note that the factors of 
i disappear in each term of ([T]). The inclusion of the tachyon fields into this action has been 
proposed in [191 ISHl [21] using the superconnection of noncommutative geometry 



Swz = fip CASTre*2W^ (2) 



(p+i) 



where the "supertrace" is defined as: 



STr 1^ ^ ^ j = TtA-TtD . 

and the curvature of the superconnection is defined as: 

j=- = dA-iAAA 

the superconnection is 

where /3 is a normalization constant with dimension 1 / \f(y' . If one uses the standard non- 
abelian kinetic term for the dynamics of the tachyon field then the normalization of tachyon 
in the WZ action ([2D has to be 1251 



TT V « 

The WZ terms of the non-BPS branes can also be written in terms of superconnection 
201 [21], 

Swz = ^^'p| CAStre*2W^ (4) 
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where the "supertrace" is now 



Str 1^ ^ ^ j = TtB + TtC . 

and the superconnection is 

^A=( 

where j3' is a new normahzation constant with dimension 1 / \f(y' . Using the multiphcation 
rule of the supermatrices [20] 

















\ c 


D' 





AA' + {-Y'BC AB' + {-Y'BD' 
DC + \-Y'CA DD' + {-fCB' 



where x' is if X is an even form or 1 if X is an odd form, one finds that the curvature of 
the superconnection is 



iF - /5'2t2 P'DT 
f3'DT iF - 



where F = ^Fabdz" A dx^ and DT = {daT - i[Aa,T])dx''. In equation (g]), C is a formal 
sum of the RR potentials C = J2m=pi~^)^^ Cm- Using the expansion for the exponential 
term in the WZ action (jl]), one finds the following terms: 

n'p{2'Ka')C A StriJ^ = 2/5V;(27ra')Tr {Cp A DT) (5) 

^^P^^, '\2ry a oj-„„-'r- a „• t _ no'..' '\2rr„ ( Qi2rTi2 



2^ (2W)'C A StrzJ^ AiJ^ = 2/?'/i;(27r«')'Tr [-(3"T'Cp A DT + Cp_2 A DT A F 



^(27ra')^C A Str %T AiT AiT = /?'/ip(27ra')^Tr (/J'^T^Cp A + Cp_4 A F A F A DT 



+Cp_2 A Up'^T^F ADT + i^DT A DT A DT 



where the trace is over the U{N) matrices. 

We shall confirm the above couplings with the S-matrix method, and find their higher 
derivative corrections. The S-matrix method can not be used to confirm the above WZ 
couplings in the non-BPS D-branes due to some kinematic reason [26] . However, there 
is no such kinematic obstacle in the non-BPS SD-brane case. To see this consider the 
coupling C A dT. In the momentum space it is proportional to the tachyon momentum k. 
The conservation of momentum along the world-volume implies that k"^ = Pip^ where Pi is 
the RR momentum along the world- volume. Using the on-shell condition = —k"^ = — 1/4 
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for tachyoio and pip^ = —paP'^ for the massless RR field, one finds that the RR momentum 
afong the brane must be non-zero, i.e., pip^ = 1/4 which is consistent with pip^ = —paP°' 
as PaP" can be negative for non-BPS SD-brane. For the non-BPS D-brane, on the other 
hand, the cfosed string on-shell condition is Pip^ = —paP"" < which is not consistent 
with pip* = 1/4. Hence, the S-matrix method gives only the WZ couplings of non-BPS 
SD-branes. 

An outline of the rest of paper is as follows. In the next section, to fix our notation we 
calculate the S-matrix element of one RR and one tachyon |T9]. This gives the coupling CpA 
DT in (jl]). In section 3, we calculate the S-matrix element of one RR, one tachyon and one 
gauge field. The momentum expansion of this amplitude gives the coupling Cp-2 A DT A F 
in OH) and its higher derivative corrections. In section 4, we calculate the S-matrix element 
of one RR and three tachyons and find its momentum expansion. This amplitude has two 
parts. The first part which involves Cp-2 has massless pole and contact terms. The massless 
poles are reproduced by the higher derivative couplings of Cp_2 A DT A F and the standard 
non-abelian kinetic term of tachyon. The contact terms give coupling Cp-2 ^ DT A DT A DT 
in (jll) and its higher derivative corrections. The second part which involve Cp has tachyon 
pole and contact terms. The contact terms give the coupling T^Cp A DT and its higher 
derivative corrections. To produce the tachyon poles, one needs to know the couplings of 
four tachyons. In section 4.2.1, using the fact that at disk level two tachyons must carry o"i 
and the other two tachyons must carry the internal CP factor a2, we calculate the S-matrix 
element of four tachyons from which we will find a bunch of higher derivative couplings of 
four tachyons. Using these couplings, we will show that the infinite tower of the tachyon 
poles of the S-matrix element of one RR and three tachyons are reproduced exactly by field 
theory. We discuss our results in section 5. 

2 The T -C amplitude 

The two point amplitude between one RR and one tachyon is given by the following corre- 
lation functions: 

^™ - Jdyd'z{V^''\y)vtn'\z,z)) (6) 

where the vertex operators are 

V^~'\y) = e-'^(2')e2*^(J^)A ® (T2 (7) 
^Our convention sets a' — 2. 



4 



where is the tachyon momentum and A in the tachyon vertex operator is matrix in the 
U{N) group. The RR vertex operator of brane-anti-brane system should carry the internal 
Pauli matrix a^. To see this, we note that the cr-factor of the S-matrix element of one 
(Ti-type tachyon , one cT2-type tachyon and one RR vertex operator of brane-anti-brane is 
non-zero which is consistent with the WZ terms of brane-anti-brane system [25j. Without 
the (73 factor the cx-factor of the S-matrix element is Tr (cricr2) = which is not consistent 
with the WZ couplings. For non-BPS branes, there should be an extra factor of (Xi in the 
RR vertex operator. As argued in [TT], since the RR state of non-BPS brane appears in 
the twisted sector when one regards type IIB as type IIA modded out by (—1)^^, there is a 
cut extending from RR vertex operator at the center of disk all the way to the boundary of 
the disk. At the point where the cut hits the boundary one needs to insert an extra factor 
of (JiE The CP factor in the S-matrix element (E]) is Tr (A) Tr ((T2a3cri). 
The projector in the RR vertex operator is P_ = |(1 — 7^^) and 

n\ ^ ' ' ' ^ ' 

where n = 2, 4 for type IIA and n = 1,3,5 for type IIB. an = i for IIA and a„ = 1 
for IIB theory. The spinorial indices are raised with the charge conjugation matrix, e.g., 
(P_^(„))"^ = C°'^{P-Ifl(^n))s^ (further conventions and notations for spinors can be found 
in appendix B of [27J). The RR bosons are massless so = and for the tachyon k"^ = 1/4. 
The world-sheet fields have been extended to the entire complex plane. That is, we have 
replaced 

X^(^) ^ D^X-'iz) , ^ D^ri^) , m ^ m , and S^{z) MjS^iz) , 

where 



/ _i„ „ \ f r^^Y^Y^ . . .yp+'^ei, i , -, for p even 

D={ , and Mp=\ ti^^' H ' / , 



dd 

Using these replacements, one finds the standard propagators for the world-sheet fields 
I.e., 

{X''{z)X%w)) = -ri>"' logiz - w) , 

{<l){z)<j){w)) = -log{z-w) . (8) 



^ In the conventions jllj , the RR field which is in -2 picture comes with a single Pauli matrix cti , in our 
conventions, it is in -1 picture hence it comes with asai. 
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One also needs the correlation function between two spin operators. The correlation func- 
tion involving an arbitrary number of tp^s and two 5"s is obtained using the following 
Wick-like rule [28]: 



1 (z - r')"/2-5/4 

^ I y 1 ^ I • • • I Vn z I 

^kV^ {yiW (1/2)) (r^"-^='C-i),^ ± perms 

+{r'iyi)r'iy2)){r''iy3)r\yMr^-'''C~%p 

iperms + ■ ■ ■] (9) 

where dots mean sum over all possible contractions. In above equation, r'^" "'^^ is the totally 
antisymmetric combination of the gamma matrices and the Wick-like contraction, for real 
yi, is given by 

ivi - y2){z - z) 

The number of ip in the correlators ([6]) is zero. Using the above formula for zero ip and 
performing the other correlators using ([8]), one finds that the integrand is invariant under 
SL{2, R) transformation. Gauge fixing this symmetry by fixing the position of vertex 
operators at (x, y, z, z) = (x, —x, i, —i), one finds |19j 

j(r,RR ^ 2?Tr(P_^(„)M,)Tr(A) , 
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Tr(P_^(„)Mp)Tr(A) . (10) 



where the conservation of momentum along the world volume of brane, i.e., fc* + = 0, 
has been used. We have also normalized the amplitude by 7r/5'/ip/4. 

The trace in (fTOj) containing the factor of 7^^ ensures the following results also hold for 
p > 3 with if(„,) = */7(io-n) for > 5. The trace is zero for p + 1 7^ and for n = p +1 it 
is 

Tr (^(„)M,) = i^^f^)!^--^^-'""^'" • 
We are going to compare string theory S-matrix elements with field theory S-matrix ele- 
ments including their coefficients, however, we are not interested in fixing the overall sign of 
the amplitudes. Hence, in above and in the rest of equations in this paper, we have payed 
no attention to the sign of equations. Replacing the trace into (ITUl) . one finds the following 
coupling: 

2/?V (27ra )Tr {Cp A DT) (11) 
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Note that to compare the string result with the field theory result, one has to set a' = 2 in 
the field theory. 

3 The T-A-C amplitude 

The three point amplitude between one RR, one tachyon and one gauge field is given by 
the following correlation functions: 

A^'^'^^ ~ Jdxdydh{V^-'\x)v\'\y)vtR'\z,z)) (12) 
where the tachyon and RR vertex operators are given in (JTj) and 

vPiy) = UdX\y) + 2zk2-mny))e'''^''^'^X®I (13) 

The (T-factor of the above S-matrix element is the same as the a factor of the S-matrix 
element in the previous section, i.e., Tr (cr2/o"3cri) = 2i. So the CP factor is 2zTr(AiA2). 
Using (IHj) and ([9]), one can perform the correlators above and show that the integrand is 
SL{2, R) invariant. Fixing it as before, one finds 

where u = —{ki + A;2)^ and conservation of momentum along the world volume of brane, 
i.e., k\ + k\+p'^ = 0, has been used. While the first term satisfies the Ward identity, the 
second term does not. However, the integral of the second term is zero. This indicates that 
there is no coupling between one Cp, one tachyon and one gauge field. This is consistent 
with the coupling in the first line of ([5]) because Tr [A, T] = 0. The integral of the first term 
is 

^T,A,RR = (vr/3V;)27r ^j.~^^^^ + Tr (P_^HM,r^")fci,e.Tr (X.X,) . (14) 

where we have also normalized the amplitude by the factor {—i7rPfip/2). The trace is zero 
for p ^ n + 1, and for n + 1 = p it is 

/ \ 32 

Tr (^^(„)Mp(fci.7)(e7)j Wi = ±^^3^e*" -^^+^i^n -.p^ifci./v+. Wi 

As can be seen from the poles of the Gamma function, the above amplitude has neither 
massless pole nor tachyon pole. This is consistent with the WZ terms in ([5]). However, 
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there are infinite higher derivative couphngs between one Cp_2, one tachyon and one gauge 
field which should be higher derivative extension of the WZ coupling Cp-2 AF A DT. They 
can be read from the momentum expansion of the above S-matrix element. 

The momentum expansion should be either around {ki + — ^ or around ki-k2 — * 0. 
The momentum expansion can be found by studying the massless/tachyon pole of field 
theory [13]. Since there is no massless/tachyon pole, one may conclude that the momentum 
expansion of this amplitude can not be found. However, the tachyon pole of the Feynman 
amplitude disappear because of the kinematic reason, i.e., the off-shell tachyon is abelian, 
and the nonabelain kinetic term of tachyon in which one of the tachyons is abelian is zero. 
So the momentum expansion should be around u — > — 1/4, or in terms of momentum around 
ki-k2 — > 0. Note that the on-shell condition implies the RR field must be non-zero, i.e., 
PiP^ ^1/4 which is possible only for non-BPS SD-brane. Expansion of the prefactor at 
this point is 

where some of the coefficients 6„ are 

6_i = 1 
6o = 

01= — 

6 

h2 = 2C(3) 
1 Q 

h = — vr" (15) 
^360 ^ ' 

h = i (C(3)7r2 + 18C(5)) 
= ^(55vr6 + 6048C(3)2 

We will see in the next section that the whole infinite contact terms of the above momentum 
expansion appear in the massless pole of the S-matrix element of one Cp_2 and three 
tachyons. Note that the above coefficients are exactly the same as the coefficients appear 
in the momentum expansion of the S-matrix element of one RR and two gauge fields [29] . 
Replacing the above expansion in f|T^ . one finds that the higher derivative extension of the 
WZ coupling Cp_2 A F A DT is the following: 

2/3V;(2W)2Cp_2 A Tr I f; b^a'r^'D'^- ■ ■ ■ D^^+'F A D^, ■ ■ ■ Da^^^DT] (16) 
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which is the same as the higher derivative extension of the WZ couphng Cps A F A F of 
the brane-anti-brane system. This may indicate that the higher derivative WZ couphngs 
of non-BPS brane and the higher derivative WZ couphngs of brane-anti-brane have the 
same structure. In the next section we calculate the S-matrix element of one RR and three 
tachyons. 

4 The T-T-T-C amplitude 

The S-matrix element of one RR field and three tachyons is given by the following correlation 
function: 

^^^^^ ~ J dxidx2dx3dzdz{V^-^\xi)vi.°\x2)V^^\x3)vtR\z,z)) 

where we have chosen the vertex operators according to the rule that the total superghost 
number must be —2 . The tachyon in -1 picture and RR vertex operators are given in ([7]). 
The tachyon in picture is 

= 22A;-V^(x)e2*^^(")A®ai (17) 

Introducing x^ = z = x + iy and x^ = z = x — iy, the scattering amplitude reduces to 
the following correlators: 

A™ ~ 1 dxi ■ ■ ■ dx, (P_^(„)Mp)"^ <: e-^/20(^^) : e~'/^^^^'^^ : e'*^^^^ :> (18) 

^2iki-X{xi) . ^2ik2-X{x2) . ^2ik-j.-X{xz) . ^ip-X{xi) . ^ip-D-X{x5) 

x<: Sa{xi) : Sfi{x5) : 2ik2.i){x2) : 2iA;3.^(x3) :>Tr (AiA2A3)Tr (cTafTicricrsai) 

The (T-factor in the above amplitude is Tr (cr20"iO"icr3ai) = 2i for any permutation of the 
tachyons. 

The correlators in the first and the second lines can be calculated using the propagators 
in (IH]), and the correlator in the last line can be read from ([9]). The result is 

4zTr (A1A2A3) j dxi--- dx, fc2.fc3,(x34X35)-'/'+''^-^(xi4a;i5)-'/'+''"^(a:24X25)-'/'+''"^ 

xff •^-^/^xffi-^^xt^-^-xffi-^nP-^wM,)"^((r^C-^)., + 2rj^^ ^^^''''''''^ {C~%A 

where One can show that the integrand is invariant under SL(2,R) transfor- 

mation. Fixing this symmetry as 

xi = 0, X2 = 1, 3:3 — >■ 00, dxidx2dx3 xl 
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One finds 

L X45 J 



— 1 

where we have also introduced the Mandelstam variables 



S = + t=-{h + k2)\ U = -{k2 + hy (20) 

and used the conservation of momentum along the brane, i.e., k\ + + k\ + = 0. They 
satisfy the on-shell condition 

s + t + u = -3/A-pip'' 

Using the fact that Mp, Ifi(n)i and T^^ are totally antisymmetric combinations of the Gamma 
matrices, one realizes that the first term is non-zero only for p = n + 1, and the last term 
is non-zero only for p = n ~ 1. The integral in the above equation can be written in terms 
of the Gamma functions, using the following identity j31j : 



for (i = 0, 1 and arbitrary a, 6, c. The region of integration is the upper half complex plane, 
as in our case. Using this integral, one finds that ^^'^^c' jg equal to 



2v^ 



Tr (A1A2A3) 



Tr P_^(„)Mp(fc2.7)(A:3.7) UWi - ^Tr P.^^n)MjJS, 



Jpjn— 1 



where we have normalized the amplitude by — i3/?'/ip/8-\/7r. There are similar terms with 
coefficient Tr(AiA3A2). The extra factor of i in the second term is coming from the fact 
that the second term in fll9p has factor X45 = 2iy. In above equation, J, J are : 



-2it+s+u)-i^n-u)n-s)n-t)T{-t -s-u- 1/2) 



T{-u - t)T{-t - s)T{-s - u) 



^ , 2it+s+u)-2 r(-n + i/2)r(-g + i/2)r(-t + i/2)r(-t -s-u-i] 

T{-u-t)T{-t-s)T{-s-u) 



The traces are: 
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Note that the amphtude is symmetric under interchanging s, t, u. Examining the the Feyn- 
man diagrams resulting from the WZ couphngs in ([5]), one reahzes that for the case that 
p = n+1 there are massless poles in s—, t— and m— channels, and for the case that p = n — 1 
there is tachyon pole in (s+t+w)— channel. So the expansion should be around the following 
points: 

^{[u^O,s,t-^ -1/2] + [t-^0,s,u^ -1/2] + [s^O,u,t^ -1/2]) (21) 

To see that it is momentum expansion, we write it in terms of momenta of the tachyons, 
i.e., 

^ {[{h + ksf, ki ■ k^, krk2^0] + [{ki + A;2)^ ki ■ ks, ki-k^^ 0] 

+ [(fcl + fc3)^A;l■A;2,A;2■A;3^0]) (22) 



so the expansion should be a momentum expansion. Note again that the on-shell condition 
implies that the RR field must be non-zero, i.e., pip^ — > 1/4 which is possible only for 
non-BPS SD-branes. Let us study each case separately. 

4.1 j9 = n + 1 case 

The electric part of the amplitude for one Cp_2 and three tachyons is 

V- -*-+ii7i,..,^_,fc2i^fc3i,+J /Tr (A1A2A3) (23) 



jTTTC _ _u /^P 



Note that apart from the group factor the amplitude is antisymmetric under interchanging 
the tachyons. So the whole amplitude is zero for abelian gauge group. To find the couplings 
in non-abelian theory, we expand / around ([21]), ^-c, 



00 



n f-: 1 00 

/ = — E ^n(^ + ^+ir^'+ E C,,n,mU^{{s + l/2){t+l/2)f{s + t + iy 

V ^ n=-l p,n,m=Q 
-| 00 00 

- - Y.bn{s + U+IT^'+ E Cp,n,mt'{{s + 1/2){U+II2)Y{S + U + Ir 

n=— 1 p,n,m=0 

1 00 00 

- -Y.h^{u + t + lY+^+ c,,^,ms^{{u+ll2){t+l/2)r{u + t+l) 

^ n=— 1 p,n,m=0 

where the coefficients bn are exactly those that appear in (fTSjl and Cp_o,o = cip are 
ao = 41n(2) 
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vr 
"6 



-81n(2)^ 



ai 

as 

^ 90 
The constants c 



(24) 



7r2ln(2) -3C(3) - 161n(2)3 

3 

(leOTT^ ln(2)2 + Stt^ - 960C(3) ln(2) - 1280 ln(2)^) 

i- (leOvr^ ln(2)^ + Qtt^ ln(2) - 1440C(3) ln(2)2 + 30C(3)7r2 - 768 ln(2)^ - 540C(5) 
for some other cases are the following: 

= 8C(3)ln(2), 



■p,n,m 

2 



Co,0,2 



|7r2ln(2), co,i,o = -14C(3),co, 



Ci,i,o = 56C(3)ln(2)-7r72, ci,o,2 



36 



487r2ln(2)2), co,i,i = -7rV2 



It is interesting to note that the above coefficients are exactly those that appear in the 
momentum expansion of the S-matrix element of one Cp_3, two tachyons and one gauge 
field of brane-anti-brane system [29]. This may indicate that the higher derivative couplings 
of non-BPS brane and brane-anti-brane have the same structure. The massless poles and 
the contact terms of the S-matrix element (!23|) correspond to the Feynman diagrams in 
Fiff.l. 





(a) 

Figure 1 : a) The Feynman diagram corresponding to the amphtude l\27\) . b) the Feynman 

diagram corresponding to the couplings (125)). 

The contact terms in fl23l) can be reproduced by the following couplings: 

-)ai r)a2n r^bi r^br. 



8z/3'a'(7ra')/ip ^p^n,r. 



(a')'"^" Cp_2 A Tr ( ■ ■ ■ D^^^D'^ ■ ■ ■ D'"^DT 



p,n,m=Q 



(25) 



which is the higher derivative extension of Cp-2ADT ADT ADT . This fixes the normalization 
constant /?' to be 



/3' 



1 /61n(2) 

TT V tt' 
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(26) 



Note that the normahzation of the tachyon in the WZ terms of non-BPS brane is different 
from the normahzation of tachyon in the WZ terms of brane-anti-brane ([3]). The above 
higher derivative extension is the same as the higher derivative extension of the couphng 
Cp_3 A F A DT A DT* of brane-anti-brane system. 

The field theory has the following massless pole for p = n + 1: 

A = V:{C,.2,T,A)G:^{A)V,^{A,T,T) (27) 

where the vertices can be found from the standard nonabelian kinetic term of tachyon and 
from the higher derivative couplings in ( JT6ll . i.e.,[^ 

^ ~ (27raO'Tp {u) 
Vf{A,T,T) = zTp(2W)(A;2-A;3)4Tr(A2A3A'')-Tr(A3A2A^)] 

-| oo 

C(Cp-2,T,A) = 2/3'/i;(2W)^-— — e,,..,^,i/^--^-^A;i'' ^ 6„(a'A;i ■ A;)"+iTr (AiA") 

\P '-)■ n=-l 

where k is the momentum of the off-shell gauge field. The amplitude f l271) becomes 

2 

{p — l)\u 

a 



A = 2/?V;(2W)^;^-^e,,..,^^,if^--*-^A;?fcr^[Tr(AiA2A3) -Tr(AiA3A2)] 



this is exactly the massless pole of the string theory amplitude ( !23|) . Note that there is no 
left over residual contact term in comparing above amplitude with the massless pole of the 
string theory amplitude. 



4.2 p = n — 1 case 



Now we consider p = n — 1 case. The electric part is, 

•^Note that the couphng of two tachyons and one gauge field is given by the S-matrix element of two 
tachyons in -1 picture and one gauge field in picture. Hence the internal CP factor is Tr(/cr2C2) = 2 
for the two permutation of the tachyons. One should not consider the case that the gauge field and one 
of the tachyon to be in -1 picture and the other tachyon to be in picture, because the CP factor is 
Tr {(J'iCT2(Ji) = —2i in one ordering and is Tr {(JzO\a2) — 2i in other ordering of the tachyons. So the latter 
choice does not produce the nonabelian kinetic term of tachyon. 



13 



The amplitude is symmetric under interchanging the tachyons. So it is non-zero even for 
abehan case. The expansion of J around ( |2T1) is 

-1 



{t + s 



u 



V. 



^ an{s + t + u+l] 



?i=0 



E^„.=o <m[(s + t + + l/2)(s + 1/2))™+! + (t, s ^ ^) + {t,s^ s, u)] 



3{t + s + u + l) 



(29) 



+ E 



S + t + U + l) 



p,n,m=0 



X 



(s + t + l)"((t + l/2)(s + 1/2))"+! + {t,s^ t, u) + {t,s-^ s, u)] ) 



where the coefficients a„ in the first fine are exactly those appear in fl24j) . Some of the 



coefficients dn,m and ep^n,m are 



d 



2,0 



eo,o,o 



-77r745, rfo,i = 7rV45, 



(27r2ln(2)-21C(3)), 



rfi,o = 8C(3) 

ds,o = 32C(5), = -32C(5) + 8C(3)7rV3 
ei,o,o = I (4vr^ - 504C(3) ln(2) + 247r2ln(2)2^ 

Note that the contact terms in the last line of fl29l) do not have the structure of the contact 
terms in the first line of (!29l) . They correspond to different couplings in field theory. 
Here also the above momentum expansion is the same as the momentum expansion of 
the S-matrix element of one Cp-i, two tachyons and one gauge field of the brane-anti-brane 
system [29] . The tachyon poles and the contact terms correspond to the Feynman diagrams 
in Fig. 2. 




(a) 




Figure 2 : a) The Feynman diagram corresponding to the amphtude ( f32|) . b) the Feynman 
diagram corresponding to the couphngs ( f30|) and if31\). 



The contact terms in the second term of ( l29l) correspond to the following couplings: 



a 



(30) 



n=0 
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which is the higher derivative extension of the WZ term CpADT T^. The above couphngs are 
similar to the higher derivative extension of Cp_i A F |Tp couphng in the brane-anti-brane 
system. The contact terms in the last line of fl29|) correspond to the following couplings: 

-8/3'(«')V; E Y H,+,{D,D-y (31) 

p,n,m=0 \ / 

DbDcD"' ■ ■ ■ D^-Db, ■ ■ ■ Db,„TDa, ■ ■ ■ Da^D^D^^ ■ ■ ■ D^^TD^D^^+^ ■ ■ ■ D^^-'T) 

Similar higher derivative couplings with exactly the same coefficients ep^n,m appear in the 
brane-anti-brane system |29j . 

The tachyon poles in fl29l) should be reproduced by the following amplitude: 

A = V''{Cp,T)G'"^{T)V'^{T,T,T,T) (32) 

The propagator and vertex V{Cp, T) are 

G"^(T) 



iSal3 



{27ra')Tp (-F - m^) 
1 

{p + iy: 



V^{Cp,T) = 2^/3V;(2W)^-^^e,,..,^^,if'->+^Tr(A^ 



To find the vertex V^{T,T,T,T) we need the couplings of four tachyons. The higher 
derivative couplings of four tachyons in which all tachyons carry ai factor has been found 
in|30j by expanding the S-matrix element of four tachyons. Using these higher derivative 
couplings of four tachyons, one can not produce the tachyon pole in fl29l) . In particular 
there is no tachyon pole corresponding the first term in (!29|) . and the coefficients of the 
infinite tachyon poles in the second line of (l29ll are not proportional to dn,m- In the next 
section, we find the four-tachyon couplings from the S-matrix element of four tachyons in 
which two tachyons are in picture and the other two are in -1 picture. 

4.2.1 Four tachyon couplings 

The four tachyon couplings in the higher derivative field theory can be found from a mo- 
mentum expansion of the S-matrix element of four tachyons in which two of them are in 
picture and the other two are in -1 picture. There is freedom to choose each vertex operator 
to be in picture or in -1 picture. The result is given by ( see e.g., |13j ) 



r(-l-2t-2s) r(-l-2s-2M) r(-l-2t-2M) 
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where the Mandelstam variables are 



and satisfy the constraint 



s = -a\ki + k2f/2 
t = -a'{k2 + hy/2 
u = -a'{ki + k3f/2 



s + t + u = -1 . (33) 



Note that our convention for the Mandelstam variables in this section is different from our 
convention in fl20|) . The coefficients A,B,C are the CP factors. Using the fact that the 
tachyon vertex operators carry both U{N) and internal a matrices, the CP factors in this 
case are the following: 

A = ^ Tr (AiA2A3A4)Tr {T1T2T3T4) + Tr (AiA4A3A2)Tr {TiTiT3T2) 
B = ^ Tr (AiA3A4A2)Tr {T1T3T4T2) + Tr (AiA2A4A3)Tr {tiT2T^T3) 
C = ^ Tr (AiA4A2A3)Tr {TiT^r2T3) + Tr (AiA3A2A4)Tr {TiTsr2u) 

where A's are the U{N) matrices and each r is either (Xi or (J2 such that in the trace two of 
the r's should be ai and the other two should be a2- Following [13], to find the momentum 
expansion of this amplitude, one should first write it as A = Ag + At + A^ where 



r(-l-2s-2t) T{-l-2s-2u) r(-l-2t-2M)y 

A, = -4g, f-Ai:':^-'^'-^;', ^p^r(-2.)r(-a) 



r(-l-2s-2t) r(-l-2M-2s) r(-l-2M-2t) 



A. = -,,tJa n-2tn-2s) r(-2.)r(-2.) r(-2^)r(-2.) \ 

r(-l-2t-2s) r(-l-2s-2n) r(-i - 2t - 2n); ^ ' 
The momentum expansion of the above amplitude should be around jl3] 

s — channel : lim Ag 

t — channel : lim At 

u — channel : lim A^ 

n^0,s,t^-l/2 
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These limits are consistent with the constraint (!33|) . There are s-channel, t-channel and 
u-channel massless poles in Ag, At and Au, respectively. 

Now we follow [3jD] to expand the amplitude flMl) around the above points. Using the 
constraint (!33l) . we first rewrite the amplitude in the following form: 

A. = f^r(2f^+ 2.')r(-2t') ^ ^r(2t- + 2.-)r(-2.o ^ ^_r(-2f)r(-2..')\ 



r(l + 2u') r(l + 2t') r(l - 2t' - 2n')y 

^. = le^, (/(-2^r('2t') r(2t' + 2/)r(-2/) r(2t' + 2.')r(-2i')\ 

^ V r(i-2s'-2t') r(i + 2t') r(i + 2s') J 

A, = ^EPfllMIizM + flr(-2.or(-2.-) r(2.' + 2/)r(-2.') 



r(i + 2M') r(i-2s'-2M') r(i + 2s') ; 

where s' = s + 1/2 = -a'ki-k2, t' = t + 1/2 = -a'k2-h and u' = u + 1/2 = -a'krks. Note 
that s + t' + u' = 0, u + s' + t' = and t + s' + u' = 0. In the first line above, u' and t' are 
independent, in the second line t' and s' are independent and in the last line u' and s' are 
independent variables. Now the field theory corresponds to expanding the above amplitude 
around 

s', t', u' ^ 

which is a momentum expansion. The expansion of the amplitude around the above point 
is 

As = WiTpt'u' X 

' 47,' _i_ Bf' -\- r's °° 

At'u's .,tlo 



Au = WiTpt's' X 



Cs' + Bt' + Au 



A = IGiTps'w' X 

Au' + Cs' + Bt 



Some of the coefficients a„ ^ and fe„ ^ are 



_ 7r2 

o-o.o — "0,0 — —77: 

o 12 

ai,o = 2C(3), ao,i = 0, 60,1 = &i,o = -C(3) 
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ai,i = ao,2 = -77rV90, 02,0 = -47rV90, 61,1 = -ttVISO, 60,2 = &2,o = -vrV45 
ai,2 = ^2,1 = 8C(5) + 47r2C(3)/3, ao,3 = 0, ag.o = 8C(5), 

&o,3 = -4C(5), 61,2 = -8C(5) + 27r2C(3)/3 

Similar expansion has been found in [30] for the S-matrix element of two tachyons and two 
gauge fields, and for the S-matrix element of four ai-type tachyons. Now, in the s-channel, 
two tachyons of one type convert to gauge field and then the gauge field converts to two 
tachyons of the other typt^. The CP factor for the s-channel then becomes A = a, B = P, 
and C = —7 where 



a = ^ (^Tr(AiA2A3A4) + Tr(AiA4A3A2)^ 
(3 = J fTr(AiA3A4A2) + Tr(AiA2A4A3; 
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i (^Tr(AiA4A2A3) + Tr(AiA3A2A4)) . 



Similarly, in the w-channel C = 'y, B = (3 and A = —a , and in the t-channel A = a, C = 'y 
and B = —(3. Therefore, the amplitudes simplify to 



As 


= IQiTpt'u' X 






/ au' + I3t' - 


7s 




1 At'u's 




A-u 


= IQiTpt's' X 






/ 7s' + Pt' - 


au 




I At's'u 




At 


= IGiTps'u' X 






1 au' + 7s' - 


(3t 



n,m=0 



+ E K,™(7s'"t'" + Pt'^s'n - bn,ma{s"'t'"' + 

n,m=0 



(35) 



+ E K,^(aM'"s"" + ^s'^u"'^) - hn,^f3{u'^s'^ + s'"«"")] 



If one ignores the internal a matrices, the result would be the same as above in which all 
terms have positive sign. In that case, the massless poles are reproduced by non-abelian 
kinetic terms. However, the above massless poles are reproduced by the following field 
theory: 

- TpTr ({Txa')m'^T'^ + {7Ta')DaTD^T - {-Ka'fFabF^" + T^) (36) 



"'Note that the S-matrix element of two tachyons and one gauge field in non-PBS brane is given by 
either < A^^'^T'^-'^'^T^-^'^ > where the internal CP factor is Tr (7(72(72) = 2 or < A(-2)T(o)r(°) > where the 
internal CP factor is Tr (laiai) = 2. 
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Note that the term is absent if one ignores the a factors [T3]. 

The difference between the above contact terms (l35l) and the contact terms when there 
is no a matrix is the minus sign of hn^m- The four tachyon couphngs corresponding to the 
latter contact terms has been found in [30] . Hence, the four tachyon couphngs corresponding 
to the contact terms fl35l) are: 



p(« ) (^^8 + A + £10 + ^^11 + 1-12 ) (37) 

m,n=0 



where 

LT = m^Tr a„,^P„„[rTTT] - br.,,nKJTTTT] + h.c. 
or = ^'Tr (^an,m[DnmiTTD''TD^T)+VnUD''TD^TTT)] 
-hnAKmiTD'^TTD^T)+V[^„XD''TTD^TT)]+h.c. 

£r = -Tr (^a^,^V^m[DJ'D^TD^TD^T]-h^^„.KJDpTD^TDJ'D^T] + h.a 

where the higher derivative operators Vnm and are defined as 

Vnm{EFGH) = Dt,--- Db^Da, ■ ■ ■ Da,,EFD''' ■ ■ ■ D'^-GD'^ ■ ■ ■ D'-H 
V'^^iEFGH) = Dk,--- Dk^Da, ■ ■ ■ Da^ED''' ■ ■ ■ D''"FGD'' ■ ■ ■ D'^H 

It is not difficult to check that the infinite tower of four tachyons couplings (137|) produce 
the contact terms in the string theory S-matrix element fl35l) . 

4.2.2 The tachyon poles in field theory 

Having found the four-tachyon couplings, one can now calculate the tachyon poles in field 
theory (l32l) . Since the off-shell tachyon is abelian, the vertex V^{T,T,T,T) of the tachyon 
coupling in ([36D is Vf^{T,T,T,T) = -12iTp(Tr (AiAaAgA^) + Tr (AiAsAaA^)). Replacing it 
in (132|) . one finds 



'{p+l)\ ""■■■"^ s + t + u + 1 



19 



which is exactly the first term in (129!) . The Mandelstam variables are those defined in 
(1201) . The higher derivative vertex V^{T,T,T,T) can be found from the higher derivative 
couplings fl37j) . The result is 

+(ks-krik2-kr + (ks-kTik^-kr + {k.-k^rik.-k^^r + {k,-k^r{k,-k:,r 



[s + l/2)(t + l/2) 



+ (1,2, 3) ^(2, 1,3) + (1,2, 3) ^(3, 2,1) 

where k"" is the momentum of the off-shell gauge field. There are similar terms which have 
coefficient Tr (AiA3A2A^). Now one can write k2-k = ki-k^ — {k"^ + m?)/2 and k^-k = 
ki-k2 — [k"^ + m?)/2. The k'^ + m? in the above vertex will be canceled with the fc^ + 
in the denominator of the tachyon propagator resulting a bunch of contact terms of one 
RR and three tachyons, i.e., the diagram (b) in fig.l. They should be subtracted from the 
contact terms that have been extracted from the S-matrix element of one RR and three 
tachyons, i.e., the couplings in fl3Tl) . Let us at the moment ignore the contact terms and 
consider only the tachyon poles of the amplitude fl32|) . i.e., diagram (a) in fig.l. Replacing 
the above vertex in ( |32l) . one finds the following tachyon pole: 



-16i/3Vp 



ao---ap 



{p + l)\{s' + t' + u) 



Tr(AiA2A3) E 



n,m=Q 



s't'(t'™s'" + t'"s'™) + s'u'{u'"'s"' + m'"s'™) + u't'it'V + t'"^'"') 



where t' = t + 1/2 = —a'ki-k2, u' = u + 1/2 = — a'A;2"^3 and s' 
above amplitude can be written in the following form: 



1/2 = -a'ki-ks. The 



-8^/3V; 



ao-- ap TT 



ao---ap 



{p + l)\{s' + t' + u 



-Tr(AiA2A3) £ 



n.m=0 



it' + s')"(t's')™+' + (f + uTit'u'r''^ 



^ [us] 



+ {U +S 

similar identity has been checked explicitly in [5U] for studying the massless pole of the 
S-matrix element of CTTA. The above tachyon poles are exactly equal to the tachyon 
poles in the second line of fl29|) . 

Finally, let us return to the contact terms that the field theory amplitude (132!) produces. 
Using the Binomial formula, one can write the contact terms as the following: 

,ao--apTT oo 

8i/3^'p— ^TrfAiA.A.O V fa„^.-6. 



— ^Tr(AiA2A3) >: ( 
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s't' 



2J2( ' ) {f'^-'s"' 



n,m / \ / \ 



There are similar couplings in the brane-anti-brane system [30]. Note that the above cou- 
plings have at least four momenta. They can be rewritten in the following form: 

z8/3V; Tr(AiA2A3) E e;„,^(s + t + « + If 

p,n,m=0 

{s + t + Ifiit + l/2)(s + l/2)r+' + (s, t) ^ (s, m) + (s, t) ^ (t, m) 

where Cp „ „ can be written in term of a„^m and &n,m- The contact terms of one RR and three 
tachyons of fl29l) have the above structure. Hence, the coefficients ep^n,m in the couplings 
fl^ should be replaced by 



This makes the higher derivative theory to produce the string theory S-matrix element. 
This ends our illustration of consistency between the momentum expansion of the S-matrix 
element of one RR and three tachyons around fl22l) and the higher derivative couplings of 
the field theory. 



5 Discussion 



In this paper we have calculated the disk level S-matrix elements of CT, CTA and CTTT. 
The on-shell conditions indicate that these S-matrix elements should be considered in the 
world- volume of non-BPS SD-branes. By finding their momentum expansion we have shown 
that the leading order terms of the expansions are consistent with the WZ terms of non-BPS 
SD-brane, and the non-leading terms are reproduced by some higher derivative extension of 
the WZ terms, i.e., equations (ITB]) . (15(1 and (PTi) . These higher derivative terms have 
exactly the same coefficients as the higher derivative terms of the brane-anti-brane system 
|29] . These couplings have in general on-shell ambiguity. One way of fixing these on-shell 
ambiguity is to compare the result with the off-shell couplings in BSFT. It is shown in [20] 
that the WZ couplings are exact when the RR field is constant. So to write the couplings 
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found in p9] in such a way that have no on-shell ambiguity, one should write the couphngs 
in the momentum space in terms of the Mandelstam variables which are written in terms of 
RR momentum. In fact, using the on-shell conditions, one can write the expansion in terms 
of the RR momentum, e.g., the Mandelstam variables for the S-matrix element of CTTA 
should be sent to t ^ —1/4, s —1/4, m — > [29]. Using the on-shell conditions, one 
can rewrite them as {p^ + 2ki ■ p) 0. So in this form all the higher derivative corrections 
are zero for constant RR field. For non-BPS SD-branes, however, the couplings are valid 
when pip^ —>■ 1/4, so one can not compare the higher derivative couplings with the BSFT 
couplings. 

The couplings in ( !36l) and ao,o, &o,o couplings of (l37l) are not consistent with the usual 
non-abelian tachyon DEI action. This is resulted from the fact that the tachyons should be 
in different pictures. So one should modify the tachyon DBI action to include the internal 
CP factors. To this end, we consider each field carries two matrices, the U{N) matrix and 
the internal Pauli matrix. The Pauli matrix for the gauge field is the 2x2 identity matrijq^ 
whereas for the tachyon is either cxi or (T2, i.e., = Tcti, = Ta2. Inspired by the 
non-abelian DBI action [321 [33] in which there are different transverse scalar fields, one 
may modify the usual tachyon DBI action to the following form: 

Sdbi = J d^^'aSTi ^ViTT)^! + ^[T^T^T^ ,T^]) (38) 

x^J- det{r]ab + 27ra'Fab + 27ra'DaT'{Q-^yWkT^)^ , 

Qij = IS^3-i[T\T^] (39) 



where 



The superscripts i,j = 1,2 and there is no sum over After expanding the square 
roots one should specify the a factor of each tachyon in the expansion. The tachyons of 
2-tachyon terms have (T2, half of the tachyons of 4-tachyon terms have ai and the other 
half have (T2. For the 6-tachyon terms, two of them should be along a2 and the others 
to be along o"i direction, and so on. The trace in above equation should be completely 
symmetric between all matrices of the form Fafc,-DaT*, [T^,T^] and individual T* of the 
potential V{T^T^). The trace is over the group matrices and over the a matrices. For 



""Note that in the S-matrix element of n gauge fields, two of them should be in -1 picture which have CT3 
and the other n — 2 should be in picture which have identity matrix. The trace of the internal CP factor 
is the same as the case that all gauge fields have identity matrix. 
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example, Tr [T^,T'^][T'^,T^] = 8Tr (T^) where the trace on the right hand side is over the 
group matrices only. The tachyon couplings ( |36l) and the ao,o, &o,o terms in ( |3711 are the 
four tachyon couplings of the above DBI action. 

The potential V in above equation has the following expansion 

where m? is the mass squared of tachyon, i.e., m? = —l/{2a'). This expansion is consistent 
with the potential V(T) = e'^"'"*^^^ which is the tachyon potential of BSFT [16j. In above 
DBI action however there is a symmetric trace over the a factors and tachyon potential has 
also another square root term. Performing the symmetric trace, one finds 

^STr (V{TT)^1 + [T\T^][T^,T^]^ = (^1 - ^T^ + ^T* + ■ ■ ^ (l + + ■ ■ ■) 

The symmetric trace and the square root term do not change the sign of each term compare 
to the exponential potential V(T). So one expects that the tachyon condensates at T — > oo 
and the tachyon potential becomes zero at that point. 

Having found the higher derivative tachyon couplings in fl37|) . one can find the effec- 
tive couplings for slowly varying tachyon. Ignoring the second covariant derivative of the 
tachyon, the couplings in (|371) are reduced to the four tachyon couplings of the action (l38ll 
plus the following terms: 

Tpm^a'^C(3)Tr {2DaTTD^TT + D^TTTD^T + DaTD^TTT) 

One may conclude from the above terms that the action ( l38l) is not the effective action. 
However, the couplings in fl37|) have on-shell ambiguity. That is, m^T ~ DDT, so the 
above terms may be among the higher derivative terms that should be ignored when the 
second derivative of tachyon is zero. The couplings ( |3711 appear in the tachyon poles of the 
S-matrix element of CTTT, however, as it is argued in [30J, if one replaces T with DDT 
it does not change the tachyon poles but produces an extra contact terms. Hence, this 
on-shell ambiguity may be resolved by studying the S-matrix element of four tachyons and 
one gauge field, in which the couplings (1371) appear in tachyon poles as well as the contact 
terms of this amplitude. This S-matrix element has been found in [T¥| . 

We have considered the S-matrix element in section 4.2.1 as < T^^^T^^^T^~^^T^~^^ >. On 
the other hand one can write the amplitude as < T^o)rpio)rp{o)rpi-2) 

> in which the internal 
CP factor is Tr (cTicricriai) = 2. The amplitude in the latter case is given by 

r(-2t)r(-2.) r(-2.)r(-2^) T{-2t)T{-2u) \ 

r(-l - 2t - 2s) ^r(-l -2s- 2u) ^r(-l -2t- 2u) J ^ ' 
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On expects that the amphtude in section 4.2.1 reduces to the above amphtude after per- 
forming the trace over the internal CP matrices. In fact using the observation that in the 
s-channel A = a, B = i3C = —7 and similarly for the other channels, one finds that the 
amplitude in (IMIl simplifies to Ag = At = A^ and equal to the above amplitude. However, 
the momentum expansion is different from the momentum expansion considered in [30], i.e., 
As,At,Au here are different from As,At,Au in [30]. That is the reason that the tachyon 
pole in CTTT does not produce by the tachyon couplings found in |30J. The interesting 
point that we have considered < T^'^'^T^^^T'^'^^T'^'^^ > in section 4.2.1 is that the momen- 
tum expansion of ( 134|) is similar to the momentum expansion of the massless transverse 
scalars, hence, the four tachyon coupling can be written in the tachyon DBI form (!38ll in 
which there is a symmetric trace over U{N) and over the internal CP matrices. 

Therefore, there are two different expansion for the S-matrix element < T^'^^T^^^T^^'^T^^'^^ >. 
One is the expansion considered in [30] which is consistent with the usual tachyon DBI ac- 
tion and the other one which is consistent with fl38|) . Our on-shell calculation is valid only 
for non-BPS SD-branes. On the other hand, it is expected that the usual tachyon DBI 
action should describe the non-BPS D-branes. So one may conclude that the DBI part of 
the effective action of non-BPS SD-brane and non-BPS D-branes are not equal. To check 
explicitly which tachyon DBI action corresponds to non-BPS D-branes, one needs to study 
the S-matrix element of four tachyons and one RR field on the world volume of D-brane- 
anti-D-brane in which the tachyon pole is reproduced by the CTT and TTTT couplings. 
One of the above two expansions for TTTT produces the tachyon poles, hence, it fixes the 
tachyon action. It would be interesting to perform this calculation. 
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